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A NATURAL FINSLER–LAPLACE OPERATOR
THOMAS BARTHELME´
Abstract. We give a new definition of a Laplace operator for Finsler met-
ric as an average with regard to an angle measure of the second directional
derivatives. This definition uses a dynamical approach due to Foulon that
does not require the use of connections or local coordinates. We give explicit
representations and computations of spectral data for this operator in the case
of Katok–Ziller metrics on the sphere and the torus.
1. Introduction
The Laplace–Beltrami operator on a Riemannian manifold has long held its place
as one of the most important objects in geometric analysis. Among the reasons
is that, its spectrum, while being physically motivated, shows an intriguing and
intimate connection with the global geometry of the manifold. The Laplacian can
be defined in several different ways (see, for example, [GHL04, Definition 4.7]). It
can be expressed in coordinate-free ways and admits coordinate representations. In
some special cases, its spectrum is effectively computable, but those examples are
sparse as they are essentially the round sphere, the Euclidean space, the hyperbolic
space and some of their quotients.
The various equivalent definitions of the Laplace-Beltrami operator have moti-
vated extensions to the context of Finsler manifolds [BL96, Cen00, She98] or, in
some cases, to their tangent bundles [AZ94, AK93]. The purpose of this paper is
to give an extension of the Laplace operator to Finsler manifolds based on the def-
inition of the Laplace-Beltrami operator in terms of second directional derivatives.
Our definition produces a symmetric elliptic second-order differential operator. The
definition itself is given in coordinate free terms, but we demonstrate that there are
adequate coordinate representations and that the spectrum of this Laplacian can
be computed effectively.
1.1. The Finsler–Laplacian. In the Riemannian context, the Laplace operator
can be defined in terms of all second directional derivatives in orthogonal directions.
Since there is no suitable notion of orthogonality on Finsler manifolds, the central
point in our approach is the introduction of a suitable angle measure αF that allows
us to define a Finsler–Laplace operator as the average of the second directional
derivatives: for f ∈ C2(M),
(1) ∆F f(x) := cn
∫
ξ∈T 1xM
d2f
dt2
(cξ(t))
∣∣∣∣
t=0
αFx (ξ),
where cn is a normalizing constant (depending only on the dimension of M), T
1
xM
is the unit tangent bundle over x, cξ is the geodesic leaving x in the direction ξ
and αF is the conditional on the fibers of the canonical volume form on T 1M (see
Proposition 2.1 and Definition 3.1 for a more precise statement).
While constructing the angle αF , we also obtain a natural volume form ΩF on the
Finsler manifold. We prove the following:
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Theorem A. Let F be a Finsler metric on M , then ∆F is a second-order differ-
ential operator, furthermore:
(i) ∆F is elliptic,
(ii) ∆F is symmetric, i.e., for any f, g ∈ C∞(M),∫
M
f∆F g − g∆F f ΩF = 0.
(iii) Therefore, ∆F is unitarily equivalent to a Schro¨dinger operator.
(iv) ∆F coincides with the Laplace–Beltrami operator when F is Riemannian.
Shen’s [She98] extension of the Laplacian is very natural but not linear and
hence not comparable to this. Bao-Lackey’s [BL96] and Centore’s [Cen00] are also
elliptic and symmetric but still different from this one (see Remark 3.16). It is
somewhat discouraging, as there is no hope to have one canonical Laplacian in
Finsler geometry. In fact there are many more ways of generalizing the Laplace
operator. Indeed given a Riemannian approximation of a Finsler metric and a vol-
ume on the manifold, there is a unique way to associate a Laplace-like operator (see
Lemma 3.12). However, it is common that generalizations of Riemannian objects
to Finslerian geometry are far from unique; see, for instance, discussions about
volumes (see [BBI01]) or the different connections and the notions of curvature (see
[Egl95, BCS00]). Hence, the goal was to find an extension such that its definition
seems “natural” and that enjoys links with the geometry.
Our approach follows a dynamical point of view introduced by P. Foulon [Fou86]
that does not require local coordinate computations or the Cartan or Chern con-
nections (see [Cra09, Egl97a, Egl97b, Fou92, Fou97] for some results obtained via
this approach). A consequence is that, for any contact form on the homogeneous
bundle HM (see section 1.6) of a manifold, we can define a Laplace operator as-
sociated with its Reeb field. We will not emphasize this more general setting, but
it should be clear that every result that still makes sense in this greater generality
stays true. Another consequence is that our operator is essentially linked to the
geodesic flow, hence one could hope that this link will reappear in the spectral data.
1.2. Spectrum. We show that there is a natural energy functional E, linked to ∆F ,
such that harmonic functions are obtained as minima of that functional (Theorem
4.4). Furthermore, as is expected from a Laplacian, general theory shows that when
M is compact, −∆F admits an unbounded, positive, discrete spectrum (Theorem
4.5) and we can obtain it from the energy via the min-max principle (Theorem
4.7). In Riemannian geometry, it is known that the Laplace–Beltrami operator is
a conformal invariant only in dimension two. Using the energy, we can push the
proof to our context: If (Σ, F ) is a Finsler surface, f : Σ
C∞−−→ R and Ff = efF ,
then, ∆Ff = e−2f∆F .
1.3. Coordinate representation and computation of spectrum. Our goal is
to introduce this new operator, state its basic properties and study some explicit
examples where spectral data can be computed. Indeed, we feel that the com-
putability of examples is an important feature of this operator.
In the Riemannian case, the spectrum is known only for constant-curvature spaces.
So it is natural to study Finsler metrics with constant flag curvature (cf. [BCS00,
Egl95]).
If the flag curvature is negative, then a theorem of Akbar-Zadeh [AZ88] implies
that, if the manifold is closed, then the Finsler structure is in fact Riemannian.
In the same article, Akbar-Zadeh also showed that a simply connected compact
manifold endowed with a metric of positive constant flag curvature is a sphere.
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Bryant [Bry96, Bry97] constructed such examples. Previously, Katok [Kat73] had
constructed a family of one-parameter deformations of the standard metric on S2 in
order to obtain examples of metrics with only a finite number of closed geodesics.
This example was later generalized and studied by Ziller [Zil83]. We now know
that these Katok–Ziller metrics on the sphere have constant flag curvature [Rad04].
Another asset of these metrics is that they admit adequate explicit formulas (see
[Rad04] or Proposition 5.2) making them somewhat easier to study. Therefore, we
choose to study the spectrum of our operator for these Katok–Ziller metrics in the
case of the 2-sphere.
For instance, computation of spectral data in the S2 case gives the following:
Theorem B. For a family of Katok–Ziller metrics Fε on the 2-sphere, if λ1(ε) is
the smallest non-zero eigenvalue of −∆Fε , then:
(2) λ1(ε) = 2− 2ε2 = 8pi
volΩ (S2)
.
Note that this result exhibits a family of Finslerian metrics realizing what is
known to be the maximum for the first eigenvalue of the Laplace–Beltrami opera-
tor on S2.
Finally as Katok–Ziller metrics also exist on the 2-torus, we study them. Note
that the flat case will not lead to new operators: The Finsler–Laplace operator in
that case is the same as the Laplace–Beltrami operator associated with the symbol
metric (see Remark 5.7). In fact, this clearly stays true for any locally Minkowski
structure on a torus (see [Bar]). It is nonetheless interesting to do the computa-
tions as it gives some insight, shows some limits of what can be expected from this
operator and proves again that computations are feasible.
Remark. Some Finsler geometers like to consider only reversible metrics (see Def-
inition 1.1 below) but this entails a severe loss of generality. For instance, Bryant
[Bry06] showed that the only reversible metrics on S2 of constant positive curvature
are Riemannian.
1.4. Laplacian and geometry at infinity. This article concentrates on providing
a foundation for the study of this Finsler-Laplacian. To indicate that there are deep
links between the dynamics of the geodesic flow and this operator, we annouce
here adaptations of two classical Riemannian results (due to Sullivan [Sul83] and
Anderson and Schoen [AS85] for the first and Ledrappier [Led88] for the second,
the Finsler versions can be found in [Bar]):
Theorem. Let F be a reversible Finsler metric of negative flag curvature on a
closed manifold M , (M˜, F˜ ) the lifted structure on the universal cover of M and
M˜(∞) its visual boundary. Then, for any function f ∈ C0(M˜(∞)), there exists a
unique function u ∈ C(M˜ ∪ M˜(∞)) such that{
∆F˜u = 0 on M˜
u = f on M˜(∞)
Furthermore, for any x ∈ M˜ , there exists a unique measure µx, called the harmonic
measure for ∆F˜ such that:
u(x) :=
∫
ξ∈M˜(∞)
f(ξ)dµx(ξ).
Theorem. Let (M,F ) and µx be as above, we have the following properties:
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(i) The harmonic measure class {µx} is ergodic for the action of pi1(M) on
M˜(∞).
(ii) For any x ∈ M˜ , the product measure µx ⊗ µx is ergodic for the action of
pi1(M) on ∂
2M˜ := M˜(∞)× M˜(∞)r diag.
(iii) There exists a unique geodesic flow invariant measure µ on HM such that
the family of spherical harmonics νx is a family of transverse measures for
µ. Moreover µ is ergodic for the geodesic flow.
1.5. Structure of this paper. In section 2 we introduce our notion of (solid)
angle αF in Finsler geometry together with the volume form ΩF . The volume form
turns out to be the Holmes-Thompson volume [HT79] associated with F , but it
seems that the angle form has not been used or studied, maybe even introduced,
previously. We also state some of the properties of the angle.
Section 3 is devoted to the definition of the Finsler–Laplace operator and the proof
of Theorem A.
In section 4, we define an energy associated with our Finsler–Laplace operator and
we show that the harmonic functions are its minima. We recall that this operator,
as in the Riemannian case, admits a discrete spectrum when the manifold is com-
pact. We also show that the Finsler–Laplace operator on surfaces is a conformal
invariant.
The last section gives explicit representations of our operator and spectrum infor-
mation for Katok–Ziller metrics on the sphere and the torus.
1.6. Notations. Throughout this text, M stands for a smooth manifold of dimen-
sion n and F a Finsler structure on it.
Definition 1.1. A smooth Finsler metric onM is a continuous function F : TM →
R+ that is:
(1) C∞ except on the zero section,
(2) positively homogeneous, i.e., F (x, λv) = λF (x, v) for any λ > 0,
(3) positive-definite, i.e., F (x, v) ≥ 0 with equality iff v = 0,
(4) strongly convex, i.e.,
(
∂2F 2
∂vi∂vj
)
i,j
is positive-definite.
It is said to be reversible if F (x,−v) = F (x, v) for any (x, v) ∈ TM .
We writeHM for the homogenized bundle, i.e.,HM := (TM r {zero section}) /R+.
We have two natural projections r : TM → HM and pi : HM → M as well as an
associated vertical bundle V HM = Kerdpi, where dpi : THM → TM is the deriva-
tive of pi.
The Hilbert form A associated with F is defined as the projection on the homog-
enized bundle of the vertical derivative of F :
r∗A = dvF,
where dvFz(ξ) := lim
h→0
F (z + hTp(ξ))
h
for z ∈ TM and ξ ∈ TzTM (called the
vertical derivative). In local coordinates
(
xi, vj
)
, the vertical derivative reads:
dvF =
∂F
∂vi
dxi.
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Under our assumptions on F , A is a contact form, with associated Reeb field X
being the generator of the geodesic flow (see [Fou86]). By definition, we have:
(3)
{
A(X) = 1
iXdA = 0
This implies that the volume is invariant by the flow, i.e.,
(4) LX
(
A ∧ dAn−1) = 0.
2. Angle form
This section is devoted to the construction of an angle form, i.e., an (n−1)-form
on HM which is never zero on V HM , and to the study of some of its properties.
2.1. Construction. We split the natural volume form A ∧ dAn−1 on HM into a
vertical part and a part coming from the base manifold M .
Proposition 2.1. There exists a unique volume form ΩF onM and an (n−1)-form
αF on HM that is nowhere zero on V HM and such that:
(5) αF ∧ pi∗ΩF = A ∧ dAn−1,
and, for all x ∈M ,
(6)
∫
HxM
αF = volEucl(S
n−1)
Remark 2.2. We do not claim that the angle form αF is unique (we can add any
(n− 1)-form that is null on V HM and still satisfy the above conditions). However
for any open set U of HxM ,
∫
U
αF is well defined and does not depend on the
choice of a such αF . Hence, we do have what we want: a notion of solid angle.
Proof. Let ω be a volume form onM . There exists an (n−1)-form αω on HM such
that αω ∧ pi∗ω = A ∧ dAn−1. This equation characterizes αω up to a form that is
null on V HM . Indeed, for linearly independent vertical vector fields Y1, . . . , Yn−1,
we have:
αω (Y1, . . . , Yn−1) =
A ∧ dAn−1 (Y1, . . . , Yn−1, X, [X,Y1] , . . . , [X,Yn−1])
pi∗ω (X, [X,Y1] , . . . , [X,Yn−1])
.
As αω is uniquely determined on V HM , it makes sense to integrate it over the
fibers. For any x ∈M , set
lω(x) :=
∫
HxM
αω.
lω might not be constant, but we can choose ω such that it is. Let
(7) ΩF :=
lω(x)
volEucl (Sn−1)
ω,
and αF given by (5). Then
αω ∧ pi∗ω = αF ∧ pi∗ΩF = l
ω
volEucl (Sn−1)
αF ∧ pi∗ω.
Therefore, for any Y1, . . . , Yn−1 in V HM ,
αF (Y1, . . . , Yn−1) =
volEucl
(
Sn−1
)
lω
αω(Y1, . . . , Yn−1),
which yields, for any x ∈M ,∫
HxM
αF = volEucl
(
S
n−1) .
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The uniqueness of ΩF is straightforward. 
Note that Finsler geometry can also be studied via its Hamiltonian/symplectic
side, which often yields some very interesting result, we could have presented the
above construction in that setting (we do it in [Bar]), however, we felt that, for the
material presented in this article, the Hamiltonian setting was not better. The only
exception being the following (see the proof in [Bar]):
Lemma 2.3.
ΩF
(n− 1)! is the Holmes-Thompson volume associated with F .
In the sequel, we will often write α and Ω for the angle and volume form when
the Finsler metric we use is clear.
Remark 2.4. On Finsler surfaces, the angle α generates rotations: Indeed, there
exists a unique vertical vector field Y such that α(Y ) = 1, so if Rt is the one-
parameter group generated by Y , then ∀(x, v) ∈ HM , t ∈ R,{
pi
(
Rt(x, v)
)
= x
R2π(x, v) = (x, v)
And if the Finsler metric is reversible, we also have (see [Bar] for the proof):
Rπ (x, v) = (x,−v) .
2.2. Behavior under conformal change.
Proposition 2.5. Let (M,F ) be a Finsler manifold, f : M
C∞−−→ R, Ff = efF , αf
and Ωf the angle and volume form of Ff . Then αf = α and Ωf = e
nfΩ.
Proof. Using the definition of the Hilbert form, we immediately have Af = e
fA, so
Af ∧ dAn−1f = enfA ∧ dAn−1.
Let ω be a volume form on M . Let αωF and α
ω
Ff
be the two (n − 1)-forms defined
by αωF ∧ pi∗ω = A ∧ dAn−1 and αωFf ∧ pi∗ω = Af ∧ dAn−1f . We have,
αωFf ∧ pi∗ω = enfαωF ∧ pi∗ω.
From there we get that, for any Y1, . . . , Yn−1 ∈ V HM :
(8) αωFf (Y1, . . . , Yn−1) = e
nfαωF (Y1, . . . , Yn−1) .
We deduce that for any x ∈M ,∫
HxM
αωFf = e
nf(x)
∫
HxM
αωF ,
The two volume forms Ω and Ωf on M associated with F and Ff are given by (see
equation (7)):
Ωf =
∫
HxM
αωFf
cn
ω, and Ω =
∫
HxM
αωF
cn
ω,
which yields
(9) Ωf = e
nfΩ.
Using the definition of αf and equation (9), we obtain:
enfα ∧ pi∗Ω = enfαf ∧ pi∗Ω.
This yields that, for any Y1, . . . , Yn−1 ∈ V HM , we have
α (Y1, . . . , Yn−1) = αf (Y1, . . . , Yn−1) . 
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3. Finsler–Laplace–Beltrami operator
We start this section with the definition of our Finsler–Laplace operator. The
reader can check that it is the same as in the introduction. The aim of the rest of
the section is to prove Theorem A.
Definition 3.1. We define ∆F by
∆F f(x) =
n
volEucl (Sn−1)
∫
HxM
L2X(pi
∗f)αF ,
for every x ∈M and every f : M → R (or C) such that the integral exists.
As we will see in the next section, the constant nvolEucl(Sn−1) is chosen so that ∆
F
is the Laplace–Beltrami operator when F is Riemannian.
Remark 3.2. To define this operator we just needed the contact form A on HM ,
not the full Finsler metric and the results in the sequel of this article would remain
true. It is also clear from the definition that ∆F is a linear differential operator of
order two.
3.1. The Riemannian case. We start with the proof of Theorem A(iv).
Proposition 3.3. Let g be a Riemannian metric on M , F =
√
g, ∆F the Finsler–
Laplace operator and ∆g the usual Laplace–Beltrami operator. Then,
∆F = ∆g.
Proof. We compute both operators in normal coordinates for g.
Let p ∈ M and x1, . . . , xn the normal coordinates around it. Denote by v1, . . . , vn
their canonical lift to TxM . For f : M → R, the Laplace–Beltrami operator gives
∆gf(p) =
∑
i
∂2f(p)
∂x2i
.
The first step to compute the Finsler–Laplace operator is to compute the Hilbert
form A and the geodesic flowX . In order to write A, we identifyHM with T 1M and
coordinates on HpM are then given by the vi’s with the condition
√∑
(vi)2 = 1.
The vertical derivative of F at p is dvFp =
vi√∑
(vi)2
dxi. So Ap = vi dx
i and
dAp = dvi ∧ dxi. Hence X(p, ·) = vi ∂∂xi . Indeed, we just need to check that
Ap (Xp) = 1 and (iXdA)p = 0: both equalities follow from
∑
(vi)
2 = 1.
Let f : M → R, then
L2X (pi
∗f) (p, v) = vivj
∂2f
∂xi∂xj
(p, v).
The Finsler–Laplace operator is:
∆F f(p) =
n
volEucl Sn−1
∫
HpM
vivj α
∂2f
∂xi∂xj
(p),
And the proof follows from the next two claims. 
Claim 3.4. For all i 6= j, ∫
HpM
vivj α = 0
Proof. HpM is parametrized by HpM = {(v1, . . . , vn) | vi ∈ [−1, 1]}.
A parity argument then yields the desired result. 
Claim 3.5. For any 1 ≤ i ≤ n,∫
HpM
v2i α =
volEucl S
n−1
n
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Proof. As the vi’s are symmetric by construction, we have that for any i 6= j,∫
HpM
v2i α =
∫
HpM
v2j α.
So,
n
∫
HpM
v2i α =
∑
j
∫
HpM
v2j α =
∫
HpM
∑
j
v2j α =
∫
HpM
1α = volEucl S
n−1. 
3.2. Ellipticity. We give here the proof of Theorem A (i) and an expression for
the symbol.
Proposition 3.6. ∆F : C∞(M)→ C∞(M) is an elliptic operator. The symbol σF
is given by
σFx (ξ1, ξ2) =
n
volEucl (Sn−1)
∫
HxM
LX(pi
∗ϕ1)LX(pi∗ϕ2)αF
for ξ1, ξ2 ∈ T ∗xM , where ϕi ∈ C∞(M) such that ϕi(x) = 0 and dϕi x = ξi.
Remark 3.7. If we identify the unit tangent bundle T 1M with the homogenized
tangent bundle HM and write again αF for the angle form on T 1M , then the
symbol is given by
σFx (ξ1, ξ2) =
n
volEucl (Sn−1)
∫
v∈T 1xM
ξ1(v)ξ2(v)α
F (v)
for ξ1, ξ2 ∈ T ∗xM .
The symbol of an elliptic second-order differential operator is a non-degenerate
symmetric 2-tensor on the cotangent bundle, and therefore defines a Riemannian
metric on M . This gives one more way to obtain a Riemannian metric from a
Finsler one. Let ∆σ be the Laplace–Beltrami operator associated with the symbol
metric, then ∆F − ∆σ is a differential operator of first order, so is given by a
vector field Z onM . The Finsler–Laplace operator therefore is a Laplace–Beltrami
operator together with some “drift” given by Z. We will see that our operator is
in fact characterized by its symbol and the symmetry condition.
Proof. To show that ∆ is elliptic at p ∈ M , it suffices to show that for each
ϕ : M → R such that ϕ(p) = 0 and dϕ|p is non-null, and for u : M → R+ we
have ∆F (ϕ2u)(p) > 0 unless u(p) = 0.
We first compute L2X
(
pi∗ϕ2u
)
:
L2X
(
pi∗ϕ2u
)
= LX
(
2ϕuLX (pi
∗ϕ) + ϕ2LX (pi∗u)
)
,
= 2u (LX (pi
∗ϕ))2 + 2ϕuL2X (pi
∗ϕ)
+ 4ϕLX (pi
∗ϕ)LX (pi∗u) + 2ϕ2L2X (pi
∗u) .
Evaluating in (p, ξ) ∈ HM , we obtain,
L2X
(
pi∗ϕ2u
)
(p, ξ) = 2u(p) (LXpi
∗ϕ)2 (p, ξ) .
Therefore,
∆F (ϕ2u)(p) =
n
volEucl (Sn−1)
∫
HpM
2u(p) (LXpi
∗ϕ)2 α,
=
2u(p)n
volEucl (Sn−1)
∫
HpM
(LXpi
∗ϕ)2 α > 0. 
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3.3. Symmetry. We have an hermitian product defined on the space of C∞ com-
plex functions on M by
〈f, g〉 =
∫
M
f(x)g(x)ΩF .
We have (Theorem A (ii)):
Proposition 3.8. Let M be a closed manifold, then ∆F is symmetric for 〈·, ·〉 on
C∞(M), i.e., for any f, g ∈ C∞(M), we have:
〈∆F f, g〉 = 〈f,∆F g〉.
Remark 3.9. The proof of this result is remarkably simple due to our choice of
angle form and volume. Indeed, as α ∧ pi∗Ω is the canonical volume on HM , it
is invariant by the geodesic flow (i.e., LX(α ∧ pi∗Ω) = 0) which is the key to the
computation.
To prove Proposition 3.8, we shall use a Fubini-like result:
Lemma 3.10. Let f : HM → C be a continuous function on HM . We have,
(10)
∫
M
(∫
HxM
f(x, ·)α
)
Ω =
∫
HM
f α ∧ pi∗Ω.
We can now proceed with the
Proof of Proposition 3.8. Let f, g :M
C∞−−→ C and write cn := nvolEucl(Sn−1) .
〈∆F f, g〉 =
∫
M
g∆F f Ω
= cn
∫
M
g
(∫
HxM
L2X(pi
∗f)α
)
Ω
= cn
∫
M
(∫
HxM
pi∗gL2X(pi
∗f)α
)
Ω
= cn
∫
HM
pi∗gL2X(pi
∗f) α ∧ pi∗Ω,
where the last equality follows from the preceding lemma. As α∧pi∗Ω = A∧dAn−1
we can write
〈∆F f, g〉 = cn
∫
HM
pi∗gL2X(pi
∗f) A ∧ dAn−1.
Now,
LX
(
pi∗gLX(pi∗f)A ∧ dAn−1
)
= pi∗gL2X(pi
∗f)A ∧ dAn−1
+ LX(pi∗g)LX(pi∗f)A ∧ dAn−1 + pi∗gLX(pi∗f)LX(A ∧ dAn−1).
The last part of the above equation vanishes because of (4). We also have:
LX
(
pi∗gLX(pi∗f)A ∧ dAn−1
)
= d
(
iXpi∗gLX(pi∗f)A ∧ dAn−1
)
.
Hence
〈∆F f, g〉 = n
volEucl (Sn−1)
[∫
HM
d
(
iXpi∗gLX(pi∗f)A ∧ dAn−1
)
− LX(pi∗g)LX(pi∗f)A ∧ dAn−1
]
.
AsM is closed, HM is closed and applying Stokes Theorem gives (11), thus proving
the claim.

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In the proof we obtained a Finsler version of Green’s formulas:
Proposition 3.11. (1) For any f, g ∈ C∞(M), we have:
(11) 〈∆F f, g〉 = −n
volEucl (Sn−1)
∫
HM
LX(pi∗g)LX(pi∗f)A ∧ dAn−1.
(2) Let U be a submanifold of M of the same dimension and with boundaries.
Then for any f ∈ C∞(U), we have:
(12)
∫
U
∆F f ΩF =
n
volEucl (Sn−1)
∫
∂HU
LX(pi
∗f)dAn−1
3.4. A characterization of ∆F . The following results were explained to me by
Yves Colin de Verdie`re to whom I am very grateful. Up until now, we have as-
sociated an elliptic symmetric operator, a volume form and a Riemannian metric,
via the (dual of the) symbol, to a Finsler structure on a manifold. But in fact, the
latter two suffice to define our Finsler-Laplace operator.
Lemma 3.12. Let (M, g) be a closed Riemannian manifold and ω a volume form
on M . There exists a unique second-order differential operator ∆g,ω on M with real
coefficients such that its symbol is the dual metric g⋆, it is symmetric with respect
to ω and zero on constants.
If a ∈ C∞(M) is such that ω = a2vg, where vg is the Riemannian volume, then for
ϕ ∈ C∞(M):
∆g,ωϕ = ∆
LB
g ϕ−
1
a2
〈∇ϕ,∇a2〉.
Remark 3.13. • Up until now we only considered operators on C∞(M). How-
ever, for spectral theory purpose, it is convenient to consider them as un-
bounded operator on L2(M,ω) (see [RS80]). For such operators, there is a
difference between symmetric and self-adjoint. However, the operators con-
sidered in this article admits an extension, called the Friedrich extension,
that is self-adjoint (see [Kat95, RS75]). Using this extension, the previous
lemma stays true replacing symmetric by self-adjoint.
• This lemma shows that there must be many Finsler metrics giving the
same Laplacian. It would be interesting to see whether all the couples
(g, ω) can arise from a Finsler metric via our construction, or if there is
another obstruction that limits the scope of our possible operators.
• The operators ∆g,ω are called weighted Laplace operator and were originally
introduced by Chavel and Feldman [CF93] and Davies [Dav92], some further
work on them and references can be found in [Gri06].
Proof. It is evident from the definition of ∆g,ω that its symbol is g
∗ and that for
ϕ, ψ ∈ C∞(M), ∫
M
ψ∆g,ωϕ ω =
∫
M
g∗ (dϕ, dψ) ω.
Let us now prove the uniqueness. Let ∆1 and ∆2 be two second-order differential
operators such that they are null on constants and have the same symbol. This
implies that there exists a smooth vector field Z on M such that ∆1 −∆2 = LZ .
Now, let us suppose that both operators are symmetric with respect to ω.
We have,
∫
M ϕLZψ − ψLZϕω = 0 for any ϕ, ψ ∈ C∞(M). Taking ψ = 1 yields∫
M
LZϕω = 0. Now, it is easy to construct a function ϕ ∈ C∞(M) such that
LZϕ > 0 in any open set that does not contain a singular point of Z. By continuity,
Z must be null. 
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An important consequence of this lemma is that any symmetric, elliptic lin-
ear second order operator is unitarily equivalent to a Schro¨dinger operator, hence
proving Theorem A (iii).
Proposition 3.14. Let ∆g,ω, vg and a be as above. Define U : L
2 (M,ω) →
L2 (M, vg) by Uf = af . Then U∆g,ωU
−1 = ∆LBg + V is a Schro¨dinger opera-
tor with potential V = a∆g,ωa
−1.
Remark 3.15. This fact shows that the spectral theory of our operator restricts to
the theory for Schro¨dinger operators such that the infimum of the spectrum is zero.
Proof. It suffices to show that U∆g,ωU
−1 − V is symmetric with respect to ω and
has g∗ for symbol, because then Lemma 3.12 proves the claim. The symmetry
property is obvious by construction. Let x ∈ M and ϕ ∈ L2 (M, vg) be such that
ϕ(x) = 0 and dϕx 6= 0. We have
(13)
(
U∆g,ωU
−1 − V )ϕ2(x) = a∆g,ω(ϕ2a−1)(x) = ∆g,ω(ϕ2)(x).
Therefore the symbol of
(
U∆g,ωU
−1 − V ) is the same as that of ∆g,ω. 
Remark 3.16. It is also fairly easy to show that an elliptic operator cannot be
symmetric with respect to two different volumes (that is volume forms that differ
by more than a constant). As the volume ΩF that we use is in general different from
the Busemann–Hausdorff volume, we can conclude that our operator is different
from Centore’s mean-value Laplacian [Cen98]. The same consideration shows that
our operator is also different from Bao and Lackey’s Laplacian [BL96] (see [Bar] for
the details).
Note that we are now done with the proof of Theorem A.
4. Energy, Rayleigh quotient and spectrum
Definition 4.1. For any function u :M → R such that the following makes sense,
we define the Energy of u by:
(14) E(u) :=
n
volEucl (Sn−1)
∫
HM
|LX (pi∗u)|2A ∧ dAn−1.
The Rayleigh quotient is then defined by
(15) R(u) :=
E(u)∫
M u
2Ω
.
Let us first clarify the space on which those functionals acts; it is a Sobolev space
which depends on the manifold. We shall mainly be interested in the case when
M is closed. However, the results described in this section are true for manifolds
with (sufficiently smooth) boundary, and we hence consider M to be compact with
possible smooth boundary.
We denote by C∞0 (M) the space of smooth functions with compact support in the
interior of M , and we consider the following inner product on it:
〈u, v〉1 =
∫
M
uv Ω +
∫
HM
LX (pi
∗u)LX (pi∗v) A ∧ dAn−1.
Definition 4.2. We let H1(M) be the completion of C∞0 (M) with respect to the
norm ‖ · ‖
1
.
The energy and Rayleigh quotient are naturally defined on H1(M). The Finsler–
Laplace operator is an unbounded operator on L2(M) with domain in H1(M),
where L2(M) denotes the set of square-integrable functions with respect to the
volume ΩF . A classical embedding theorem (see [Nar68, Lemma 3.9.3]) is
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Theorem 4.3 (Rellich–Kondrachov). If M is compact with smooth boundary, then
H1(M) is compactly embedded in L2(M).
The Energy we defined is naturally linked to the Finsler–Laplace operator:
Theorem 4.4. u ∈ H1(M) is a minimum of the energy if and only if u is harmonic,
i.e., ∆F (u) = 0.
Proof. Let u, v ∈ H1(M) we want to compute ddtE(v + tu). Let cn = nvolEucl(Sn−1) ,
we have
(16) E(v + tu) = cn
∫
HM
(LXpi
∗v)2 + 2tLXpi∗vLXpi∗u+ t2 (LXpi∗u)
2 A ∧ dAn−1,
therefore,
d
dt
(E(v + tu))|t=0 = 2cn
∫
HM
LXpi
∗vLXpi∗uA ∧ dAn−1,
and, applying the Finsler–Green formula (Proposition 3.11, note that u ∈ H1(M)
implies that u|∂M = 0 hence the Finsler–Green formula applies without modifica-
tions even when M has a boundary), we obtain:
d
dt
(E(v + tu))|t=0 = 2
∫
HM
u∆F vΩF .
So, if v is harmonic, then it is a critical point of the energy, and (16) shows that it
must be a minimum. Conversely, if v is a critical point, then for any u ∈ H1(M),
〈∆F v, u〉 = 0, which yields ∆F v = 0. 
4.1. Spectrum. In this section we solve the Dirichlet eigenvalue problem, i.e.,M is
a compact manifold (with or without boundary), and we want to find u ∈ C∞ (M)
and λ ∈ R such that {
∆u+ λu = 0 onM
u = 0 on ∂M.
It is well known that the Laplace–Beltrami operator gives rise to an unbounded,
strictly increasing sequence of eigenvalues with finite-dimensional pairwise orthog-
onal eigenspaces (see [BGM71, Cha84] for general surveys of spectral problems
for the Laplace–Beltrami operator). This stays in particular true for any densely
defined, symmetric, positive unbounded operator on the L2 space of a compact
manifold (see [Kat95, RS80, RS75] for the general theory). Therefore:
Theorem 4.5. Let M be a compact manifold, F a Finsler metric on M .
(1) The set of eigenvalues of −∆F consist of an infinite, unbounded sequence
of non-negative real numbers λ0 < λ1 < λ2 < . . . .
(2) Each eigenvalue has finite multiplicity and the eigenspaces corresponding to
different eigenvalues are L2 (M,Ω)-orthogonal.
(3) The direct sum of the eigenspaces is dense in L2 (M,Ω) for the L2-norm
and dense in Ck (M) for the uniform Ck-topology.
Remark 4.6. When M is closed, then λ0 = 0 and the associated eigenfunctions are
constant.
One of the possible proofs of the above theorem uses the Min-Max principle,
which also gives an expression for the eigenvalues:
Theorem 4.7 (Min-Max principle). The first eigenvalue is given by
λ0 = inf
{
R(u) | u ∈ H1(M)} ,
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and its eigenspace E0 is the set of functions realizing the above infimum. The
following eigenvalues are given by
λk = inf
{
R(u) | u ∈
k−1⋂
i=1
E⊥i
}
,
where their eigenspaces Ek are given by the set of functions realizing the above
infimum.
In particular, if M is closed, the first non-zero eigenvalue is
λ1 = inf{R(u) | u ∈ H1(M),
∫
M
u Ω = 0}.
The Min-Max principle proof can be found in all generality in [RS78]. For the
reader familiar with the Riemannian context, the proof given in [Be´r86] is easily
adaptable to the case at hand (the details can be found in [Bar]).
Remark 4.8. Although the Min-Max principle gives an expression for the eigenval-
ues, it is impractical for computations. However it is often used to get bounds on
the eigenvalues in general and on the first non-zero eigenvalue in particular.
4.2. Conformal change. The Energy allows us to give a simple proof that in
dimension two, the Laplacian is a conformal invariant.
Theorem 4.9. Let (Σ, F ) be a Finsler surface, f : Σ
C∞−−→ R and Ff = efF . Then,
∆Ff = e−2f∆F .
We first prove the following result:
Proposition 4.10. Let (M,F ) be a Finsler manifold of dimension n, f : M
C∞−−→ R
and Ff = e
fF . Set Ef the Energy associated with Ff . Then, for u ∈ H1 (M)
Ef (u) = cn
∫
HM
e(n−2)f (LXpi∗u)
2
A ∧ dAn−1,
where cn =
n
volEucl(Sn−1)
. In particular, when n = 2 the Energy is a conformal
invariant.
Proof. The subscript f indicates that we refer to the object associated with the
Finsler metric Ff . Xf is a second-order differential equation, so (see [Fou86]) there
exist a function m : HM → R and a vertical vector field Y such that
Xf = mX + Y.
We have already seen that Af = e
fA and that Af ∧dAn−1f = enfA∧dAn−1. Using
Af (Xf ) = 1 and that V HM is in the kernel of A we have
1 = efA (mX + Y ) = efmA (X) = efm.
Now,
Ef (u) = cn
∫
HM
(
LXfpi
∗u
)2
Af ∧ dAn−1f ,
= cn
∫
HM
(LmX+Y pi
∗u)2 enf A ∧ dAn−1,
= cn
∫
HM
enf (mLXpi
∗u+ LY pi∗u)
2
A ∧ dAn−1.
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As u is a function on the base and Y is a vertical vector field, LY pi
∗u = 0. So the
preceding equation becomes:
Ef (u) = cn
∫
HM
enfm2 (LXpi
∗u)2 A ∧ dAn−1,
= cn
∫
HM
e(n−2)f (LXpi∗u)
2
A ∧ dAn−1. 
Proof of Theorem 4.9. Let u, v ∈ H1 (Σ), we have already shown (Theorem 4.4)
that: ddt (E(v + tu))|t=0 = −2
∫
Σ
u∆F v Ω.
The conformal invariance of the Energy yields: for u, v ∈ H1 (Σ)
−2
∫
Σ
u∆F v Ω = −2
∫
Σ
u∆Ff v Ωf = −2
∫
Σ
e2fu∆Ff v Ω,
where we used Ωf = e
2fΩ (see equation (9)) to obtain the last equality. We can
re-write this last equality as: for u, v ∈ H1 (Σ)
(17) 〈(∆F − e2f∆Ff ) v, u〉 = 0,
which yields the desired result. 
5. Explicit representation and computation of spectrum
In this section, we give explicit representations of the Finsler–Laplace operator
and its spectrum for Katok–Ziller metrics on the 2-torus and the 2-sphere. We
start by describing their construction in a slightly more general context than in
[Zil83], then obtain an explicit local coordinates formula (Proposition 5.2) in order
to compute our Finsler–Laplace operator.
5.1. Katok–Ziller metrics. LetM be a closed manifold and F0 a smooth Finsler
metric on M . We suppose furthermore that (M,F0) admits a Killing field V , i.e.,
V is a vector field onM that generates a one-parameter group of isometries for F0.
We construct the Katok–Ziller metrics in an Hamiltonian setting.
Recall that F0 : TM → R is smooth off the zero-section, homogeneous and strongly
convex. Therefore, the Legendre transform associated with 12F
2
0
L0 := dv
(
1
2
F 20
)
: TM → T ∗M,
where dv is the vertical derivative, is a global diffeomorphism and we set H0 =
F0 ◦ L−10 : T ∗M → R. Note that when F0 is a Riemannian metric, then H0 is the
dual norm.
T ∗M is a symplectic manifold with canonical form ω. Any function H : T ∗M → R
gives rise to an Hamiltonian vector field XH defined by
dH(y) = ω (XH , y) for y ∈ TT ∗M.
Note that XH0 describes the geodesics of F0.
Define H1 : T
∗M → R by H1(x) = x(V ) and, for ε > 0, set
Hε = H0 + εH1.
Hε is also smooth off the zero-section, homogeneous of degree one and strongly
convex for sufficiently small ε. As before, the Legendre transform Lε : T ∗M → TM
associated with 12H
2
ε is a global diffeomorphism.
Definition 5.1. The family of generalized Katok–Ziller metrics on M associated
with F0 and V is given by
Fε := Hε ◦ L−1ε
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In [Kat73] Katok took F0 to be the standard Riemannian metric on S
n, and
showed that some of these metrics had only a finite number of closed geodesics. In
fact, if ε2π is irrational then S
2k and S2k+1 with their Katok–Ziller metric has 2k
closed geodesics [Zil83]. Bangert and Long [BL10] showed that every Finsler metric
on S2 has at least 2 closed geodesics, it is still unknown in higher dimension. How-
ever, it is in sharp contrast with the Riemannian case and we can wonder whether
this should reflect on the spectrum.
We only need local coordinate formulas for the Katok–Ziller metrics on the torus
and the sphere, but we can give a general formula when F0 is Riemannian. This re-
sult is not new (see Rademacher [Rad04] for the Katok–Ziller metric on the sphere)
and was communicated to us in these more general form by P. Foulon.
Proposition 5.2. Let F0 =
√
g be a Riemannian metric on M , V a Killing field
on M , and Fε the associated Katok–Ziller metric. Then
Fε(x, ξ) =
1
1− ε2g (V, V )
[√
g (ξ, ξ) (1− ε2g (V, V )) + ε2g (V, ξ)2 − εg (V, ξ)
]
.
Remark 5.3. This formula also shows that if F0 is Riemannian then Fε is a Randers
metric (see [BCS00]).
Proof. Let x ∈ M . We choose normal coordinates ξi on TxM and write pi the
associated coordinates on T ∗xM . We have F
2
0 (x, ξ) =
∑
ξ2i and for p ∈ T ∗xM :
H0 (x, p) = ||p|| =
√∑
(pi)2.
Hε is then given by: Hε (x, p) = H0 (x, p) + εH1 (x, p) = ||p||+ ε 〈p|V 〉. Recall that
Fε (x, ξ) = Hε ◦ L−1ε (x, ξ) where Lε = dv
(
1
2H
2
ε
)
: T ∗M → TM .
As ∂∂xi is a vectorial basis of TxM , we can write:
Lε (x, p) = ∂
∂pi
(
1
2
H2ε
)
∂
∂xi
=
∂
∂pi
[
1
2
||p||2 + ε||p|| 〈p|V 〉+ ε
2
2
〈p|V 〉2
]
∂
∂xi
=
[
pi + ε
(
pi
||p|| 〈p|V 〉+ ε||p||Vi
)
+ ε2Vi 〈p|V 〉
]
∂
∂xi
=
(
pi + ε||p||Vi
)(
1 +
ε
||p|| 〈p|V 〉
)
∂
∂xi
.
Set u := p||p|| , Hε (x, p) = Fε (Lε (x, p)) implies:
||p||+ ε 〈p|V 〉 = Fε
(
||p|| (ui + εVi)(1 + ε||p|| 〈p|V 〉
)
∂
∂xi
)
= (||p||+ ε 〈p|V 〉)Fε
((
ui + εVi
) ∂
∂xi
)
.
So Fε
((
ui + εVi
)
∂
∂xi
)
= 1. Set ξ = Lε (x, p), we showed that ξi = Fε (x, ξ) (u+ εV )i
for all i. Therefore,
〈u|V 〉 = 1
Fε (x, ξ)
〈ξ|V 〉 − ε||V ||2,
and
||ξ||2 = F 2ε (x, ξ)
[||u||2 + 2ε 〈u|V 〉+ ε2||V ||2]
= F 2ε (x, ξ)
[
1 + 2ε
〈ξ|V 〉
Fε (x, ξ)
− 2ε2||V ||2 + ε2||V ||2
]
.
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In order to get Fε (x, ξ) we solve the equation
F 2ε (x, ξ)
(
1− ε2||V ||2)+ 2ε 〈ξ|V 〉Fε (x, ξ) − ||ξ||2 = 0,
and obtain:
Fε (x, ξ) =
−ε 〈ξ|V 〉+
√
ε2 〈ξ|V 〉2 + (1− ε2||V ||2) ||ξ||2
(1− ε2||V ||2) . 
Before getting on to the examples, we want to point out the following (unpub-
lished) result on the Katok–Ziller examples:
Theorem 5.4 (Foulon [Fou]). The flag curvatures of the family of Katok–Ziller
metrics are constant.
Remark 5.5. By the classification result of [BRS04], the Katok–Ziller metrics are
the only Randers metrics on S2 of constant flag curvature.
We cannot use the Katok–Ziller construction for negatively curved surface as a
compact hyperbolic surfaces never admits a one-parameter group of isometries.
5.2. On the 2-Torus. We set T = R2/Z2, (x, y) (global) coordinates on T and
(ξx, ξy) local coordinates on TpT. Let ε be a small parameter, the Katok–Ziller
metric on T associated with the standard metric and to the Killing field V = ∂∂x ,
is given by:
Fε(x, y; ξx, ξy) =
1
1− ε2
(√
ξ2x + (1− ε2)ξ2y − εξx
)
.
Theorem 5.6. The Finsler–Laplace operator for (T2, Fε) is
∆Fε =
2
(
1− ε2)
1 +
√
1− ε2
(√
1− ε2 ∂
2
∂x2
+
∂2
∂y2
)
and the spectrum is the set of λ(p,q), (p, q) ∈ Z2 such that:
λ(p,q) = 4pi
2 2
(
1− ε2)
1 +
√
1− ε2
(√
1− ε2p2 + q2
)
.
Remark 5.7. • T with the Katok–Ziller metric is ”iso-Laplace” to the flat
torus equipped with the symbol metric, i.e.,it is obtained as the quotient
of R2 by the lattice AZ×BZ, where
A2 =
1 +
√
1− ε2
2 (1− ε2)3/2
and B2 =
1 +
√
1− ε2
2 (1− ε2) .
• Because of Lemma 3.12, to show that the Finsler–Laplace operator is the
Laplace–Beltrami operator of the symbol metric, it is enough to show that
the Finsler volume form is a constant multiple of the Riemannian volume.
In fact, we can show that any Killing field generates a Katok–Ziller metric
on T which is iso-Laplace to the Laplace–Beltrami operator of the associated
symbol metric (see [Bar]). However, for the sake of simplicity, we give the
actual computations only in the above case.
Note that for any flat Riemannian torus, the Poisson formula gives a link be-
tween the eigenvalues of the Laplacian and the length of the periodic orbits. In
the case at hand we lose this relationship as there is a priori no link between the
length of the periodic geodesics for the Finsler metric and the length of the closed
geodesics in the isospectral torus.
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Proof. Vertical derivative and coordinate change.
In the local coordinates (x, y, ξx, ξy) on TT we have:
dvFε =
1
1− ε2 (fxdx+ fydy) ,
where
fx :=
ξx√
ξ2x + (1− ε2)ξ2y
− ε and fy := ξy√
ξ2x + (1− ε2)ξ2y
.
We choose a local coordinate system (x, y, θ) on HT where θ is determined by
cos θ = fx + ε
sin θ =
fy√
1− ε2 ,
As the Hilbert form A is the projection on HT of the vertical derivative of F , we
have:
A =
1
1− ε2
(
(cos θ − ε) dx+
√
1− ε2 sin θdy
)
.
Liouville volume and angle form.
We have:
dA =
1
1− ε2
(
− sin θdθ ∧ dx+
√
1− ε2 cos(θ)dθ ∧ dy
)
A ∧ dA =
(
1
1− ε2
) 3
2
(−1 + ε cos θ) dθ ∧ dx ∧ dy.
Therefore α = (1− ε cos(θ)) dθ.
Geodesic flow.
Let X = Xx
∂
∂x +Xy
∂
∂y +Xθ
∂
∂θ be the geodesic flow, equation (3) is equivalent to:
Xθ = 0
sin(θ)Xx −
√
1− ε2 cos(θ)Xy = 0
(cos(θ)− ε)Xx +
√
1− ε2 sin(θ)Xy = 1− ε2
Hence Xx =
1−ε2
1−ε cos(θ) cos(θ), Xy =
√
1−ε2
1−ε cos(θ) sin(θ) and Xθ = 0.
The Laplacian.
The second Lie derivative of X is L2X = X
2
x
∂2
∂x2 +X
2
y
∂2
∂y2 +XxXy
∂2
∂x∂y . So, for p ∈ S
∆ε =
1
pi
(∫
HpS
X2xα
∂2
∂x2
+
∫
HpS
X2yα
∂2
∂y2
+
∫
HpS
XxXyα
∂2
∂x∂y
)
.
As Xx and Xy are of different parity (in θ) we have
∫
HpS
XxXyα = 0. Hence
∆ε =
1
pi
(∫
HpS
X2xα
∂2
∂x2
+
∫
HpS
X2yα
∂2
∂y2
)
.
Direct computation gives: ∫
HpS
X2xα = 2pi
(
1− ε2) 32
1 +
√
1− ε2 ,∫
HpS
X2yα = 2pi
1− ε2
1 +
√
1− ε2 .
Therefore, the Finsler–Laplace operator is given by
∆ε =
2
(
1− ε2) 32
1 +
√
1− ε2
∂2
∂x2
+
2
(
1− ε2)
1 +
√
1− ε2
∂2
∂y2
.
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The spectrum.
To compute the spectrum we consider Fourier series of functions on T.
Any function f ∈ C∞(T) can be written as:
f(x, y) =
∑
(p,q)∈Z2
c(p,q)e
2iπ(px+qy)
and we are lead to solve:
(18) ∆Fεf + λf =
∑
(p,q)∈Z2
c(p,q)
[−4pi2 (ap2 + bq2)+ λ] e2iπ(px+qy) = 0
where
a =
2
(
1− ε2)3/2
1 +
√
1− ε2 and b =
2
(
1− ε2)
1 +
√
1− ε2 .
Now, for any (p, q) ∈ Z2, λ(p,q) = 4pi2 2(1−ε
2)
1+
√
1−ε2
(√
1− ε2p2 + q2) is a solution to
(18). 
5.3. On the 2-Sphere. We set S2 = {(φ, θ) | φ ∈ [0, pi] , θ ∈ [0, 2pi]} and take
(φ, θ; ξφ, ξθ) the associated local coordinates on TS
2. The Katok–Ziller metric as-
sociated with the standard metric and to the Killing field V = sin(φ) ∂∂θ is given
by:
Fε (φ, θ; ξφ, ξθ) =
1
1− ε2 sin2(φ)
(√(
1− ε2 sin2(φ)) ξ2φ + sin2(φ)ξ2θ − ε sin2(φ)ξθ) ,
Theorem 5.8. The Finsler–Laplace operator on (S2, Fε) is given by:
(19) ∆Fε =
2
1 +
√
1− ε2 sin2(φ)
[
1
sin2(φ)
(
1− ε2 sin2(φ))3/2 ∂2
∂θ2
+
(
1− ε2 sin2(φ)) ∂2
∂φ2
+
cos(φ)
sin(φ)
(
ε2 sin2(φ) +
√
1− ε2 sin2(φ)
)
∂
∂φ
]
.
Note that if we compute the Laplace–Beltrami operator for the symbol metric,
we can see that ∆Fε is not Riemannian, hence the question of whether this operator
is iso-spectral to a Riemannian one is non-trivial contrarily to the torus case.
Unfortunately, the complexity of this formula dampened our hopes of finding an
explicit expression of the spectrum. However, we can still find the first eigenvalue
and give an approximation of the others.
The spectrum of the Laplace–Beltrami operator on S2 is {−l(l + 1) | l ∈ N} and
an eigenspace is span by functions Y ml with m ∈ Z such that −l ≤ m ≤ l. These
functions are called spherical harmonics and are defined by:
Y ml (φ, θ) := e
imθPml (cos(φ)) ,
where Pml is the associated Legendre polynomial.
We can see clearly from formula (19) that when ε tends to 0 we obtain the usual
Laplace–Beltrami operator on S2, we will therefore look for eigenfunctions close to
the spherical harmonics. It turns out that the Y m1 are eigenfunctions of ∆
Fε for
any ε, which yields Theorem B:
Corollary 5.9. The smallest non-zero eigenvalue of −∆Fε is
(20) λ1 = 2− 2ε2 = 8pi
volΩ (S2)
It is of multiplicity two and the eigenspace is generated by Y 11 and Y
−1
1 .
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The fact that we have the above formula for λ1 is quite interesting; first, it shows
us that there do exist relationships between some geometrical data associated with a
Finsler metric (here the volume) and the spectrum of the Finsler–Laplace operator.
Secondly, remember the following result:
Theorem (Hersch [Her70]). For any Riemannian metric g on S2,
λ1 ≤ 8pi
volg (S2)
.
Furthermore, the equality is realized only in the constant curvature case.
So the Katok–Ziller metrics on S2 give us a continuous family of metrics realizing
that Riemannian maximum!
Note that we also have ∆FεY 01 = −2Y 01 . However, the Y ml with l ≥ 2 are
no longer eigenfunctions of ∆Fε . This is probably related to the breaking of the
symmetries that the Katok–Ziller metrics induce.
In the following, if m happens to be greater than l, we set Y ml = 0. We denote by
〈·, ·〉 the inner product on L2 (S2) defined by:
〈f, g〉 =
∫ 2π
0
∫ π
0
f g¯ sin(φ)dφdθ.
Theorem 5.10. Let f be an eigenfunction for ∆Fε and λ its eigenvalue. There
exist unique l and m in N, 0 ≤ m ≤ l, such that f = aY ml + bY −ml + g, where g
uniformly tends to 0 with ε, and
(21) λ = −l(l+ 1) + ε2
[
m2
2 (2l− 1)
(
2 (l + 1) +
3l (l − 1)
(2l + 3)
)
+
3l (l − 1)
2 (2l− 1)
(
1 +
l2 + l − 1
(2l + 3) (2l − 1)
)]
+ o
(
ε2
)
.
Note that the Katok–Ziller transformation gets rid of most of the degeneracy of
the spectrum. If ε 6= 0, the eigenvalues are at most of multiplicity two, and are of
multiplicity 2l+ 1 if ε is zero.
We can state even more on the multiplicity of eigenvalues. Set:
Ψ: S2 −→ S2
(φ, θ) 7−→ (pi − φ,−θ)
Theorem 5.8 implies that ∆Fε is stable by Ψ i.e., for any g,
(
∆Fεg
)◦Ψ = ∆Fε (g ◦Ψ).
So if f is an eigenfunction for λ then f ◦ Ψ also. Therefore, either the subspace
generated by f is stable by Ψ or λ is of multiplicity at least (and hence exactly)
two.
Remark 5.11. When ε > 0, Fε is not preserved by Ψ.
5.3.1. Proof of Theorem 5.8. This proof follows the same lines as Theorem 5.6, the
computations being more involved and a bit lengthy. We just give the main steps.
Vertical derivative and change of coordinates.
Set gε (φ, θ; ξφ, ξθ) =
(
1− ε2 sin2(φ)) ξ2φ + sin2(φ)ξ2θ . We have
dvFε =
∂Fε
∂ξφ
dφ+
∂Fε
∂ξθ
dθ
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where
∂Fε
∂ξφ
=
ξφ√
gε
and
∂Fε
∂ξθ
=
1
1− ε2 sin2(φ)
(
ξθ sin
2(φ)√
gε
− ε sin2(φ)
)
.
From now on we consider the local coordinate ψ ∈ [0, 2pi] on H(φ,θ)S2, defined by,
cos(ψ) =
ξθ sin(φ)√
gε
sin(ψ) =
√
1− ε2 sin2(φ) ξφ√
gε
Hilbert form and Liouville volume.
The Hilbert form A associated with Fε is given by
A =
1
1− ε2 sin2(φ) (f1dφ+ f2dθ) ,
with f1 =
√
1− ε2 sin2(φ) sin(ψ) and f2 = sin(φ) cos(ψ) − ε sin2(φ). In order to
simplify the computations, note that f1 is odd in ψ, f2 is even and they do not
depend on θ. The exterior derivative of A is given by:
dA =
1
1− ε2 sin2(φ)
(
∂f1
∂ψ
dψ ∧ dφ+ ∂f2
∂ψ
dψ ∧ dθ + f3dφ ∧ dθ
)
.
where
∂f1
∂ψ
=
√
1− ε2 sin2(φ) cos(ψ),
∂f2
∂ψ
= − sin(φ) sin(ψ),
f3 = cos(φ)
cos(ψ) − 2ε sin(φ) + ε2 sin2(φ) cos(ψ)
1− ε2 sin2(φ) .
Therefore
(22) A ∧ dA = sin(φ)(
1− ε2 sin2(φ))3/2 (1− ε sin(φ) cos(ψ)) dψ ∧ dφ ∧ dθ.
Using the construction of the angle form α (section 2.1), we obtain:
(23) α = (1− ε sin(φ) cos(ψ)) dψ
Geodesic flow.
Let X = Xψ
∂
∂ψ +Xθ
∂
∂θ +Xφ
∂
∂φ be the geodesic flow of Fε. Equation (3) gives
the system: 
∂f1
∂ψ
Xφ +
∂f2
∂ψ
Xθ = 0
Xφf3 +Xψ
∂f2
∂ψ
= 0
−Xθf3 +Xψ ∂f1
∂ψ
= 0
f1Xφ + f2Xθ = 1− ε2 sin2(φ)
.
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Which yields
Xθ =
1− ε2 sin2(φ)
sin(φ)
cos(ψ)
1− ε sin(φ) cos(ψ) ,
Xφ =
√
1− ε2 sin2(φ) sin(ψ)
1− ε sin(φ) cos(ψ) ,
Xψ =
1√
1− ε2 sin2(φ)
cos(φ)
sin(φ)
cos(ψ)− 2ε sin(φ) + ε2 sin2(φ) cos(ψ)
1− ε sin(φ) cos(ψ) .
The Finsler–Laplace operator.
Let f : S2 → R. We start by computing L2Xpi∗f .
As ∂∂ψ (pi
∗f) = 0 and that X does not depend on θ we get:
L2Xpi
∗f = X2θ
∂2f
∂θ2
+XθXφ
∂2f
∂φ∂θ
+XφXθ
∂2f
∂θ∂φ
+Xφ
∂Xθ
∂φ
∂f
∂θ
+Xφ
∂Xφ
∂φ
∂f
∂φ
+X2φ
∂2f
∂φ2
+Xψ
∂Xθ
∂ψ
∂f
∂θ
+Xψ
∂Xφ
∂ψ
∂f
∂φ
.
Since we are only interested in
∫
HxS2
L2Xpi
∗fα, we can use the parity properties
(with respect to ψ) of the functions Xθ, Xφ and Xψ (which are respectively even,
odd and even) to get rid of half of the above terms. We obtain:
pi∆Fεf(p) =
∫
HpS2
X2θ α
∂2f
∂θ2
+
∫
HpS2
X2φ α
∂2f
∂φ2
+
∫
HpS2
(
Xψ
∂Xφ
∂ψ
+Xφ
∂Xφ
∂φ
)
α
∂f
∂φ
.
Direct computation (with a little help from Maple) yields:
∆Fε =
2
(
1− ε2 sin2(φ)) 32
sin2(φ)
(
1 +
√
1− ε2 sin2(φ)
) ∂2
∂θ2
+ 2
1− ε2 sin2(φ)
1 +
√
1− ε2 sin2(φ)
∂2
∂φ2
+
2 cos(φ)
sin(φ)
2− 1
1 +
√
1− ε2 sin2(φ)
−
√
1− ε2 sin2(φ)
 ∂
∂φ
.
This concludes the proof of Theorem 5.8.
5.3.2. Proof of Theorem 5.10. We state the following property of spherical harmon-
ics that will be useful in later computations:
Proposition 5.12. Let l ∈ N, and m ∈ Z, such that |m| ≤ l, then the associated
Legendre polynomial Pml (cos(φ)), denoted here by P˜
m
l , is a solution to the equation:
(24)
∂2P˜ml
∂φ2
+
cos(φ)
sin(φ)
∂P˜ml
∂φ
+
(
l(l + 1)− m
2
sin2(φ)
)
P˜ml = 0,
They verify (see [AS92, formulas 8.5.3 to 8.5.5]):
(2l − 1) cos(φ)P˜ml−1 = (l −m)P˜ml + (l +m− 1) P˜ml−2,(25a)
sin(φ)
∂P˜ml
∂φ
= l cos(φ)P˜ml − (l +m)P˜ml−1,(25b)
sin(φ)P˜ml =
1
2l+ 1
(
P˜m+1l−1 − P˜m+1l+1
)
.(25c)
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The spherical harmonics are an orthogonal Hilbert basis of L2
(
S2
)
and their norm
is given by:
(26) ||Y ml || =
√
4pi
2l+ 1
(l +m)!
(l −m)! .
We can now proceed with the proof. Take f an eigenfunction of ∆Fε and λ the
associated eigenvalue. As the Y ml form an Hilbert basis of L
2
(
S2
)
, there exist aml
such that:
f =
+∞∑
l=0
∑
|m|≤l
aml Y
m
l ,
where the convergence is a priori in the L2-norm. The elliptic regularity theorem
implies that f ∈ C∞ (S2), therefore the convergence above is uniform. So ∆Fεf =∑+∞
l=0
∑
|m|≤l a
m
l ∆
FεY ml .
Let l,m be fixed, the equation 〈∆Fεf, Y ml 〉 = λ〈f, Y ml 〉 yields:
(27) λaml ‖Y ml ‖2 =
+∞∑
k=0
∑
|n|≤k
ank 〈Y ml ,∆FεY nk 〉.
Claim 5.13. For any l,m we have:
(28) ∆FεY ml = −l(l+ 1)Y ml
+
ε2(
1 +
√
1− ε2 sin2(φ)
)2
[(
1 + 2
√
1− ε2 sin2(φ)
)
l (l − 1) sin2(φ)Y ml
+
(
2m2
(
1− ε2 sin2(φ)))Y ml + 2 l2 +m2 + l2l + 1
(
1 + 2
√
1− ε2 sin2(φ)
)
Y ml
− 2(l +m)(l +m− 1)
(
1 + 2
√
1− ε2 sin2(φ)
)
Y ml−2
]
.
The proof is just a computation using Proposition 5.12.
Using the claim, equation (27) becomes:
λaml ‖Y ml ‖2 =
+∞∑
k=0
amk 〈Y ml ,∆FεY mk 〉.
Now, we can use an expansion of ∆FεY mk in powers of ε.
Claim 5.14. For any l,m, we have:
(29) ∆FεY ml = −l(l+ 1)Y ml + ε2
[
3l(l+ 1)
4
sin2(φ)Y ml
+
(
m2
2
+
3
(
l(l+ 1) +m2
)
2l+ 1
)
Y ml +
3
2
(l +m)(l +m− 1)Y ml−2
]
+O
(
ε4
)
.
The claim follows once again from a straightforward computation.
Using this second claim and the orthogonality of the spherical harmonics, equation
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(27) now reads:
(30) λaml ‖Y ml ‖2 = −l(l+ 1)aml ‖Y ml ‖2 + aml ε2
[
3l(l+ 1)
4
〈sin2(φ)Y ml , Y ml 〉
+
(
m2
2
+
3
(
l(l + 1) +m2
)
2l + 1
)
‖Y ml ‖2
]
+
∑
k 6=l
amk ε
2
[
3k(k + 1)
4
〈sin2(φ)Y mk , Y ml 〉+
3
2
(k+m)(k+m−1)〈Y mk−2, Y ml 〉
]
+O
(
ε4
)
.
Claim 5.15. There exist at most one l such that 1am
l
is bounded independently of
ε.
Proof. The equation (30) shows that, if 1am
l
is bounded as ε tends to 0, then λ tends
to −l(l + 1), therefore we can have only one such l. 
Let l be given by the previous claim, (30) reduces to:
λ = −l(l+ 1) + ε
2
‖Y ml ‖2
[
3l(l+ 1)
4
〈sin2(φ)Y ml , Y ml 〉
+
(
m2
2
+
3
(
l(l + 1) +m2
)
2l+ 1
)
‖Y ml ‖2
]
+ o
(
ε2
)
.
Some more computations (using equations (25c), (26) and the orthogonality of the
spherical harmonics) give:
〈sin2(φ)Y ml , Y ml 〉
‖Y ml ‖2
= 2
l2 + l − 1 +m2
(2l+ 3) (2l− 1) .
So that:
(31) λ = −l(l+ 1) + ε2
[
3l(l+ 1)
2
l2 + l − 1 +m2
(2l+ 3) (2l− 1)
+
(
m2
2
+
3
(
l(l + 1) +m2
)
2l+ 1
)]
+ o
(
ε2
)
.
From this equation, we deduce:
Claim 5.16. There can only be one m such that 1am
l
or 1
a−m
l
is bounded indepen-
dently of ε.
Proof. Otherwise, we would find two different coefficients in ε2 for λ. 
We sum up what we proved: There exists unique l,m ∈ N, a, b ∈ C and g : S2 →
C such that:
f = aY ml + bY
−m
l + g
Furthermore, for any p ∈ S2, |g(p)| tends to 0 with ε and the associated eigenvalue
verifies equation (31). That is, we proved Theorem 5.10.
5.3.3. First eigenvalue and volume. We finish by proving Corollary 5.9. Recall:
Corollary 5.9. The smallest non-zero eigenvalue of −∆Fε is
(32) λ1 = 2− 2ε2 = 8pi
volΩ (S2)
.
It is of multiplicity two and the eigenspace is generated by Y 11 and Y
−1
1 .
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Proof. Computation using either (28) or directly Theorem 5.8 gives ∆FεY 11 =
(−2 + 2ε2)Y 11 and ∆FεY −11 = (−2 + 2ε2)Y −11 . It also yields ∆FεY 01 = −2Y 01 ,
now Theorem 5.10 shows that the eigenfunctions for the first (non-zero) eigenvalue
must live in the vicinity of the space generated by Y 11 , Y
0
1 and Y
−1
1 , therefore
λ1 = 2− 2ε2.
Now using equations (22) we get that the Finsler volume form for (S2, Fε) is
ΩFε =
sin(φ)(
1− ε2 sin2(φ))3/2 dθ ∧ dφ.
So
volΩ
(
S
2
)
=
4pi
1− ε2 .
Hence,
λ1 =
8pi
volΩ (S2)
.

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